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Abstract

This paper introduces evaluation methods for fuel efficiency gains that are obtainable through cycling of
large ICEs in a series hybrid powertrain. The presented concepts allow for a fast and simple decision
making process in determining whether cycling is advantageous for a particular engine. The paper also
answers the question of the optimal number of discrete operating points and how to choose them. Arti-
ficially generated polynomial representations of bsfc curves as well as the bsfc curve of a production
engine are used to illustrate the results. While the obtained methods are applicable to any series hybrid
powertrain system, they are especially suited for systems powered by large Diesel engines.
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1 Introduction
It is well known that engine cycling can provide improved overall engine efficiency, or equivalently,
reduced overall fuel consumption [1, 3, 4, 7, 8, 9]. This is a particularly attractive option for series
hybrid architectures, since there are few constraints on the relationship between power generation and
power dissipation levels [1, 6, 7]. Whether the advantages of cycling are actually realizable depends on
a number of factors and, in practice, can be quite a difficult task to determine. Two of the most critical
factors are the characteristics of the engine bsfc field and the choice of the discrete operating points
(OPs). While it is almost always beneficial to cycle an engine between the bsfc optimal power and the
engine off state - depending on transient fuel consumption effects caused by the cycling frequency [1] -
this type of cycling is often not feasible in large engines. While generally the benefits of cycling are well
known, a detailed analysis of the amount of fuel savings and conditions for advantageous cycling has
not been conducted, even though some initial results were recently published [3,8]. The topic of cycling
large Diesel engines in series hybrid configuration is particularly important and timely for the design of
future hybrid drivetrains of large vehicles, i.e. trucks, earth moving equipment, etc. The Diesel-electric
powertrain has been the choice of configuration for large powertrain systems, and in a sense can be
considered a “relative” to the series hybrid class of powertrain systems.
This paper is structured as follows: section 2 introduces some preliminaries on brake specific fuel con-
sumption and basic relationships between bsfc, burned fuel mass, power and time spent at an OP. Section
3 investigates the number and location of optimal OPs purely from a simulation point of view using poly-
nomial approximations of the bsfc function. Some theoretical insights on optimal OPs are provided in
section 4 using basic calculus. Section 5 introduces and discusses in detail the first analysis tool: break-
even bsfc for the low power OP. These results can be viewed as defining the boundary case where cycling
and constant operation yield the same fuel efficiency. Section 6 for the first time introduces the concept of
cycling induced bsfc, i.e. an average power dependent bsfc resulting from averaging fuel consumption
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over the two OPs. Finally in section 7, the introduced methodology is applied to a production engine, a
Cummins Diesel. Section 8 offers some final conclusions.

2 Preliminaries
In this section we will define some of the key quantities and relationships that will later be used in the
analysis. The fuel mass M burned to produce brake power P for a time period of T is given by:

M = P · T · bsfc(P ), (1)

where bsfc(P ) is the minimal achievable brake specific fuel consumption at power level P of the engine.
Denoting P1 and P2 as two different levels of brake power that define two OPs given by bsfc(P1) and
bsfc(P2), and α as the fraction of time T spent at P1, the realization of average power output Pavg over
time T through cycling using P1 and P2 can be expressed as [3]:

Pavg = α · P1 + (1− α) · P2 and P1 < Pavg < P2 (2)

Mcycle = α · T · P1 · bsfc(P1) + (1− α) · T · P2 · bsfc(P2) (3)

where Mcycle is the fuel mass burned over a time period T, when cycling between P1 and P2.

3 Optimal Number of Operating Points
In this section we will shed some light on the efficiency optimal choice of OPs and the optimal number
of OPs. At first we will address the optimal location in the two OP case, and subsequently analyze the
case of three and more OPs through simulations.

3.1 The Case of Two Operating Points
It was shown through massive simulations of artificial bsfc curves, that fuel consumption is minimized
if one OP is at the bsfc minimum and the other is close to zero power. This of course assumes that
the bsfc curves are such that an efficiency maximum exists (using cycling) and that the average power
level is between the bsfc minimum power Popt and P1. Also, the exact location of P1, i.e. the low
power operating point close to zero, depends highly on the shape of the bsfc curve and the way the
bsfc function tends to infinity at zero brake power. The simulations that were performed always used
polynomial approximations of bsfc curves. For example, Figure 1 shows the results of optimal power
levels P1 (10KW), Popt (245KW), and Pavg (165 KW). Generally, all results pointed to the same fact:
One operating point should be chosen to be at or close to Popt, i.e. the bsfc minimum power, and the
other should be close to zero power.
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Figure 1: Two point optimization of a fourth order polynomial bsfc graph.
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3.2 The Case of Three and Four Operating Points
Massive simulations using three and four OPs show, that efficiency is maximized when the same two
OPs are used as in section 3.1 for the two OP case, i.e. the additional points coincide with either P1
or Popt. The fact that multiple OPs always collapse to the optimal OPs of the two OP case shows, that
nothing can be gained from employing more than two discrete operating points when cycling an engine.
This is illustrated in Figure 2, which shows the same 4th order bsfc curve as in Figure 1. One can clearly
see that two OPs collapse to the point of P1 of the two OP case, and another two OPs collapse to the
point Popt. Therefore we can conclude, that using more than two OPs has no advantage with regard to
efficiency.
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Figure 2: Four Point Optimization of a Fourth Order Polynomial Bsfc Graph.

4 Optimal Operating Points for P1 and P2- A Theoretical Analysis

In the previous sections we addressed through simulations how optimizing fuel consumption it is best to
cycle between two powers, one at the left most power allowable and one at the global minimum.

m(P1, P2) = P1 · bsfc(P1) · t1 + P2 · bsfc(P2) · (1− t1) (4)

This equation can then be rearranged to give a form that replaces time, with P1 and P2, as seen below.

m(P1, P2) = bsfc(P1) ·
Pavg − P2

1− P2
P1

+ bsfc(P2) ·
Pavg − P1

1− P1
P2

(5)

This equation allows for exploration of whether optimal OPs always follow the conclusion made in
section 3.

4.1 Finding Optimal P1 and P2 Points
From (5), taking the partial differentials with respect to P1 and P2 results in (6) and (7). To find OPs (6)
and (7) are added to obtain (8).

∂m(P1, P2)

∂P1
= −P2 · (Pavg − P2) · bsfc(P1)

P 2
1 · (1− P2

P1
)2

− bsfc(P2)

1− P1
P2

+
(Pavg − P1) · bsfc(P2)

(1− P1
P2
)2 · P2

+
(Pavg − P2) · bsfc′(P1)

1− P1
P2

= 0

(6)
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∂m(P1, P2)

∂P2
= −P1 · (Pavg − P1) · bsfc(P2)

P 2
2 · (1− P1

P2
)2

− bsfc(P1)

1− P2
P1

+
(Pavg − P2) · bsfc(P1)

(1− P2
P1
)2 · P1

+
(Pavg − P1) · bsfc′(P2)

1− P1
P2

= 0

(7)

0 = (P1 + P2 − Pavg) · bsfc(P2)− (P1 + P2 − Pavg) · bsfc(P1) + P1 · (Pavg − P2) · bsfc′(P1)

+P2 · (P1 − Pavg) · bsfc′(P2) = 0 (8)

Different cases were studied to examine if P1 and P2 should always be at the left most allowable OP
and the global bsfc minimum, respectively. From (8) it was found that there are cases in which it is not
optimal to have the two OPs at the left most allowable power and at the global bsfc minimum. These
cases satisfied (6-8) when Pavg was very close to the global bsfcminimum, resulting in P1 being slightly
smaller than the Pavg, and P2 being slightly to the right of the bsfc global minimum. However, in these
cases the fuel savings seen in contrast to operating at the left most allowable power point and at the global
bsfc minimum were very slight, showing minimal advantage.

5 The Break Even Bsfc Method
This method is based on a hypothetical bsfc curve which shows the bsfc of the low power OP P1 that
will result in the same fuel consumption as continuous operation at Pavg. The bsfc of an engine as a
function of P1 can be calculated by the following equations [3]:

bsfc(P1) = A+B · 1

P1
, where (9)

A =
bsfc(Pavg) · Pavg − bsfc(Popt) · Popt

Pavg − Popt
and B =

Pavg · Popt · [bsfc(Popt)− bsfc(Pavg)]

Pavg − Popt
(10)

where Pavg is the average power, bsfc(Pavg) is the bsfc at the average power, Popt is the power at the
global bsfc minimum, and bsfc(Popt) is the minimum attainable bsfc. Figure 3 provides examples of
break even bsfc for the low power OP for various values of Pavg.
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Figure 3: Break even bsfc as a function of low power operating point (P1, bsfc(P1))

The curves bsfc(P1) are referred to as break even bsfc curves [3] because they show whether or not
cycling with a certain low power OP P1 will beat the engine bsfc for a given average power Pavg. At an
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OP P1 where the break-even bsfc curve is above the uncycled bsfc curve, cycling at the given average
power will have better fuel efficiency than the uncycled engine. On the contrary, it is more costly to cycle
when the break-even bsfc curve is below the uncycled bsfc curve.
Notice from Figure 3 it is almost always more fuel efficient to cycle because the break-even bsfc curves
are almost always above the uncyled bsfc curve. The exception to this occurs when Pavg becomes too
close to Popt. For example, observe the fourth order break-even bsfc curves in Figure 3. For each Pavg

except Pavg = 235 kW, the break-even bsfc curve is at or above the uncycled bsfc curve; however,
because Pavg = 235 kW is too close to Popt = 250 kW, the break-even bsfc curve drops below the
uncycled bsfc curve between 110 kW and 235 kW. Therefore cycling with an OP P1 in this region
where Pavg = 235 kW would not be fuel efficient.

It is also evident from Figure 3 that a lower power level OP P1 leads to a higher bsfc(P1), increasing the
ceiling on how large the uncycled bsfc can be to still attain fuel savings. A lower P1 thereby increases
the fuel efficiency of cycling. This supports our previous conclusion from Section 3.2 that it is best to
choose an OP P1 as low as possible.

6 The Cycling Induced Effective Bsfc
A new bsfc curve for an engine can be generated under the assumption that the engine will be cycled. In
other words, if we assume an engine will be cycled with one OP at power level P1 close to zero power
and the other OP at the global bsfc minimum power level Popt, then using [3] and (1-5) we can create a
bsfc function for cycling according to the following equation:

bsfc(Pavg) =
P1 · (Pavg − Popt) · bsfc(P1) + Popt · (P1 − Pavg) · bsfc(Popt)

Pavg · (P1 − Popt)
, (11)

where P1 is the low power OP, bsfc(P1) is the bsfc at the low power OP, Popt is the power at the global
bsfc minimum, and bsfc(Popt) is the bsfc at the global bsfc minimum. A function bsfc(Pavg) curve,
also known as a cycling induced bsfc curve, for a cycled engine shows the minimum fuel consumption
for a certain engine that can be obtained from cycling with a given power level P1, as shown in Figure 4.
The shape of each cycling induced bsfc curve appears to be almost identical for both the second and
fourth order polynomial bsfc curves examined. It also appears that the largest differences between
cycling induced bsfc curves occur between P1 = 5 kW and P1 = 10 kW rather than P1 = 15 kW
and P1 = 20 kW because P1 is optimal when it is as small as possible. Therefore, the differences at
the lower power levels P1 are more significant than the differences at higher power levels P1. This is
further evidence it is always important to choose a power level OP P1 as low as possible because even
minuscule power level P1 differences cause significant differences in fuel savings. These cycling induced
bsfc curves also provide visual confirmation that cycling with lower power levels P1 leads to more fuel
efficiency.
In the case of the second order polynomial bsfc curve shown in Figure 4, the steep drop in the cycling-
bsfc curve implies that maximum fuel savings from cycling will occur at an average power slightly larger
than the given P1. For example, when P1 = 5 kW , maximum fuel savings appear to occur at a Pavg

of approximately 20 kW . This characteristic is not true in the case of the fourth order polynomial bsfc
curve because a local bsfcmaximum exists. The P1 value corresponding to this local maximum becomes
the location of maximum fuel savings because it is much more efficient to generate these average powers
by cycling through two low-bsfc power points rather than by running the engine directly at these local
bsfc maximum power points.
Finally, these cycling induced bsfc curves illustrate that local extrema do not affect cycling. Fuel savings
are indeed significantly larger at points of local bsfcmaxima, however the shape of cycling induced bsfc
curves themselves are not affected by these local maxima. Therefore, we may once again conclude that,
regardless of the presence of local extrema in an engine’s bsfc curve, it is almost always better to choose
a low power OP P1 as low as possible rather than a low power OP P1 at a local minima.
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Figure 4: Cycling induced bsfc curves

7 A Realistic Case: The Cummins EQB235-20 Diesel Engine
A piecewise bsfc curve approximation was used for the Cummins B-Series EQB235-20 Diesel Engine
for vehicle applications in order to test our theories and simulations on an existing engine [2]. The
EQB235-20 has a piecewise bsfc function with a gradually decreasing slope from low to optimum
Pavg, as can be seen in Figure 5. Notice that around Pavg = 75 kW the curvature of the bsfc curve
changes from convex to concave (then back to convex). It is this paramount characteristic which allows
the Cummins EQB235-20 engine to serve as an example of a case in which cycling does result in fuel
savings.
From Figure 5, it is evident the cycling induced bsfc curves are lower than the uncycled piecewise bsfc
function at every average power for every lower power OP P1. Because the cycling induced bsfc curves
are always lower than the uncycled piecewise bsfc function, cycling the Cummins EQB235-20 engine
is always beneficial. It must be noted that the dashed extension of the piecewise bsfc function indicates
a projected bsfc outside the range of attained data. The cycling induced bsfc curve of P1 = 10 kW is
particularly significant because it illustrates lower P1 values correspond to cycling induced bsfc curves
with steeper initial slopes and therefore lower bsfc values with more fuel savings. This also validates
the conclusions from Section 3.2.
It is important to consider the fuel mass savings through cycling. For each Pavg, the mass of fuel con-
sumed while cycling is within 3% of the mass consumed without cycling. Though fuel savings do exist in
this case, they are relatively minuscule and may not be large enough to justify cycling - especially when
the realistic cost of switching between OPs is considered. However, the case of the Cummins EQB235-
20 engine still proves that cycling an existing engine can be beneficial. Considering that the Cummins
EQB235-20 engine was not designed to be cycled yet fuel savings can still be achieved through cycling,
we claim that much greater fuel savings can be achieved by an engine specifically designed for cycling
with two OPs.
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Figure 5: Induced bsfc curves for the Cummins EQB235-20 Diesel Engine

8 Conclusion
This paper introduces new tools for analyzing efficiency gains in large ICEs achievable through cycling.
It was shown that if cycling between two OPs results in better efficiency than the average power OP,
then two OPs are sufficient and cannot be improved upon by adding additional OPs. Several methods to
find the optimal OPs were introduced, most notably the cycling induced bsfc. The concept of break-even
bsfc for the low power OP was also demonstrated. Furthermore a theoretical analysis was performed that
shed some more light on the choice of two optimal OPs, which in turn confirmed the simulation results.
In summary, this paper provides a tool set that allows to easily evaluate the efficiency gains in ICEs
obtained through cycling. The results were illustrated using examples of polynomial representations of
artificial bsfc curves as well as bsfc data of production engines.
The introduced concept is particularly important for Diesel Series Hybrid configurations, which will
most likely find applications in heavy duty machinery and large trucks. While it was shown, that with
current production engines, fuel savings are relatively small, large savings are possible if the bsfc field
of the engine has certain characteristics, i.e. is customized for series hybrid architectures and cycling.
It has been shown previously [3] that functions bsfc(P ) that have an approximately constant negative
slope (between the low power operating point and the minimum bsfc operating point) result in large
efficiency gains and hyperbolical bsfc dependencies often result in little or no gain. Therefore, future
work on tailoring the bsfc field to optimize fuel savings in series hybrid configurations appears to be a
promising path towards large, highly efficient and hybridized propulsion systems.
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9 Appendix

Figure 6: Bsfc data for the Cummins EQB235-20 Engine [2] used to derive the Cummins EQB235-20 piecewise
bsfc function.
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